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The Chapman-Enskog solutions of the Boltzmann equations provide a basis for the computation of
important transport coefficients for both simple gases and gas mixtures. These coefficients include the
viscosity, the thermal conductivity, and the diffusion coefficient. In a preceding paper (I), for simple,
rigid-sphere gases (i.e. single-component, monatomic gases) we have shown that the use of higher-
order Sonine polynomial expansions enables one to obtain results of arbitrary precision that are error
free. It is our purpose in this paper to report the results of our investigation of relatively high-order,
standard, Sonine polynomial expansions for the viscosity-related Chapman-Enskog solutions for binary
gas mixtures of rigid-sphere molecules. We note that in this work we have retained the full dependence
of the solution on the molecular masses, the molecular sizes, the mole fractions, and the intermolecular
potential model via the omega integrals. For rigid-sphere gases, all of the relevant omega integrals needed
for these solutions are analytically evaluated and, thus, results to any desired precision can be obtained.
The values of viscosity obtained using Sonine polynomial expansions for the Chapman-Enskog solutions
converge monotonically from below and, therefore, the exact viscosity solution to a given degree of
convergence can be determined with certainty by expanding to sufficiently high an order. We have used
Mathematica® for its versatility in permitting both symbolic and high precision computations. Our results
also establish confidence in the results reported recently by other authors who used direct numerical
techniques to solve the relevant Chapman-Enskog equations. While in all of the direct numerical methods
more-or-less full calculations need to be carried out with each variation in molecular parameters, our
work utilizes explicit, general expressions for the necessary matrix elements that retain the complete
parametric dependence of the problem and, thus, only a matrix inversion at the final step is needed as
a parameter is varied. This work also indicates how similar results may be obtained for more realistic
intermolecular potential models and how other gas-mixture problems may also be addressed with some
additional effort.
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1. Introduction explored. Also of importance is the fact that such low-order ex-

pansions do not provide good convergence (in velocity space) for

The Chapman-Enskog solutions of the Boltzmann equations
provide a basis for the computation of important transport coef-
ficients for both simple gases and gas mixtures [1-15]. The use
of Sonine polynomial expansions for the Chapman-Enskog solu-
tions was first suggested by Burnett [16] and has become the
general method for obtaining the transport coefficients due to the
relatively rapid convergence of this series [1-8,16,17]. While it
has been found that relatively, low-order expansions (of order 4)
can provide reasonable accuracy in computations of the trans-
port coefficients (to about 1 part in 1000), the adequacy of the
low-order expansions for computation of the slip and jump co-
efficients associated with gas-surface interfaces still needs to be
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the actual Chapman-Enskog solutions even though the transport
coefficients derived from these solutions appear to be reasonable.
Thus, it is of some interest to explore Sonine polynomial expan-
sions to higher orders. In a preceding paper [17], we have shown
for simple, rigid-sphere gases (i.e. single-component, monatomic
gases) that, indeed, the use of higher-order Sonine polynomial ex-
pansions enables one to obtain results of arbitrary precision that
are error free. It is our purpose in this paper to report the re-
sults of our investigation of relatively high-order, standard, Sonine
polynomial expansions for the viscosity-related Chapman-Enskog
solutions for binary gas mixtures of rigid-sphere molecules. In the
following sections we describe the basic theory, the theory relating
to viscosity, the solution technique in terms of the Sonine polyno-
mials, the bracket integrals, details related to the specific case of
rigid-spheres molecules, and our results.
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A part of our motivation with respect to this work has been
some of the recently reported results on direct numerical solutions
of the linearized Boltzmann equations for rigid-sphere, gas mix-
tures. In particular, results for the transport coefficients and the
Chapman-Enskog solutions have been reported both by Takata et
al. [18] and by Garcia and Siewert [19]. Our work provides a bench-
mark for assessing the precision of the numerical results reported
by these authors and, indeed, we report some such comparisons
that we have made. Our work does have an important distin-
guishing feature in that, for rigid-sphere gas mixtures, we require
no numerical integrations and thus, in principle, results of arbi-
trary precision can be obtained for any given order of the Sonine
polynomial expansions. We note that the computational resources
available to us at the present time have realistically permitted ex-
pansions only to order 60 given the manner in which we have
implemented this technique but that, even here, it has been pos-
sible to obtain convergence of 9 or more significant digits in the
normalized gas mixture viscosities (depending upon the specific
mass ratios, size ratios, and mole fractions considered) and it is
certain that further improvements in the implementation of the
technique or the availability of better computational resources will
allow even higher-order expansions and greater convergence of
the results. Further, we note that in this work we have retained
the full dependence of the solutions on the molecular masses,
the molecular sizes, the mole fractions, and the intermolecular
potential model via the omega integrals, and we have obtained
explicit (symbolic) expressions for the necessary matrix elements
(the bracket integrals) used in evaluating the coefficients in the
Sonine polynomial expansions for the coupled Chapman-Enskog
equations. These generalized matrix elements, once determined,
need not be determined again. For rigid spheres (or for any other
potential model of interest that can be represented via the omega
integrals), we can then determine in a straightforward manner a
set of matrix elements that are specific to the potential model be-
ing used and store them. These specific matrix elements require
only the input of the appropriately computed omega integrals
which, for rigid spheres, are known exactly such that no numerical
integrations are needed. In this fashion, our method requires only
a matrix inversion at the final step. This is important, as all that
is needed for finding both the viscosity and the Chapman-Enskog
viscosity solutions for arbitrary, binary, rigid-sphere gas mixtures
is precomputed in a general form. Thus, we are able to study
parametric dependencies and convergence of our results in an eco-
nomical and systematic way as, once the matrix elements up to the
highest order are computed and stored, we can process results to
any order up to this highest order without any new computations
of matrix elements being required. Further, since our values for the
viscosity converge monotonically with increasing order, since we
can use arbitrarily high numerical precision as needed in Mathe-
matica® for the final matrix inversion step, and since we can easily
compare results for a given order with the results for immediately
preceding orders, we can be confident in our results and the de-
gree of convergence obtained.

2. The basic theory

Following the work and notations of Chapman and Cowling [1],
we offer below an abbreviated version of the relevant theory. For
an arbitrary, rarefied, gas mixture, one begins with the Boltzmann
equations describing the molecular distribution functions of the
constituent gases:

d
m +¢ - Vi +F -V ) filr,ci,0)

:;///(fi/f} — fifj)gbdbde dc;

=Y Jfifp, (1)
J

in which the left-hand side (LHS) is known as the streaming term
of the equation which contains the differential streaming operator
in the brackets, the right-hand side (RHS) is a sum over what are
known as the collision integrals in which J(f;f;) is called the col-
lision operator, f;(r,c;,t) is the molecular distribution function of
the ith constituent, g is the magnitude of the pre-collision relative
velocity, g = ¢; —¢;, b is the ‘impact parameter’ associated with
the binary scattering events, € is an angle corresponding to the az-
imuthal orientation of the scattering plane, and ¢ is the molecular
velocity. A prime (') indicates a function of a post-collision velocity
while the corresponding lack of a prime indicates a pre-collision
velocity dependence, e.g. f; = fi(r, ¢;,t) while f/ = fi(r, c;,t). In
the summation over the different constituents, scattering between
like constituents (i.e. when i = j) is treated in the same way as
scattering between unlike constituents with the various pre- and
post-collision velocities retained as separate variables for purposes
of integration. In this circumstance, for clarity, it is common prac-
tice to drop the i subscript inside the collision integral in order to
facilitate the necessary discrimination between the velocities (i.e.
¢; — c and f; — f). Of course it follows from this that, if one is
dealing with a simple gas having only one constituent, one obtains
from this process the single Boltzmann equation describing the gas
in which j =1 and no subscript is necessary on the LHS:

a
<E+c.vr+F-VC)f(r,C,t)

=// (f'fl - ffigbdbde de;. 2)

Equivalent expressions for the above equations are often encoun-
tered in which bdbde is expressed as a;jj(g, x)de’ or ojj(g, x)d
where y is the scattering angle (the angle between g and g') and
aij(g, x) = 0ij(g, x) is known as the differential collision cross-
section which describes the probability per unit time per unit vol-
ume that two molecules colliding with velocities, ¢; in d¢; and c;
in dcj, will have a relative velocity after collision, g’ = c/j — ¢}, that
lies within the solid angle, de’ = d® =sin(x)dy de.

For the specific case of a binary gas mixture, one expresses the
distribution functions f; and f, in the form:

A=+ 0417+ (3)
=2+ + P+ 4)
where the lowest-order approximations are chosen to be:
3/2
(0) mq mq 2
= — I— - ) 5
1= <2nkT> eXp( 2k €1 7 ) ) )
3/2
(0) my my 2
= e — _— —_ s 6
2 n2<2n1<T> exP( 2kt (@2 €0 ) (6)

in which my and my are the molecular masses of the constituent
gases, k is Boltzmann’s constant, and ni, ny, ¢o and T are, in
general, arbitrary functions of r and t. Note that in choosing the
lowest-order approximations to be of this form (which correspond
to Maxwellian distributions), one has effectively equated the func-
tions n; and ny to the number densities of the two gases in the
mixture, T to the temperature of the mixture, and ¢y to the mass-
velocity of the mixture where, cg = M1x1¢1 + Maxycp in which,
M; = m;/mg, mp = my + my, x; =n;/n denote the proportion by
number of the constituent gases in the mixture (the mole frac-
tions), and n =ny + ny is the total molecular number density of
the binary mixture.

If one now limits further consideration only to the second
approximation (up to f(), that is equivalent to assuming that
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the distribution functions for each of the constituents can be
expressed as small linear perturbations from equilibrium states
specified by the Maxwellian distributions of Eqs. (5) and (6), i.e.

fi= f(o)(l q)“)) Thus, f(l) and f(” are written in the form:
f(1) f(0)¢(]) (7)
f(l) f(0)¢(1) (8)

where the perturbations, 431(1) and (Dél), satisfy the time derivative
expressions given by:

:Dgl) = —n311(<1>1(1)) —n1n2112(¢1(1) +¢£1>)7 ®)
DY = —n21y (05" — nynaloy (07 + @), (10)
in which:
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and:
n21i(F) = / [ FO(Fi+ F— F{ ~ F)gaide de. (12)
ninjlij(K) = /[ FO £ (K = K gaij de de, (13)

are linear functions of their arguments such that I(¢ +¥) = I1(¢) +
I(¥) and I(a¢) = al(¢) regardless of subscripts (where a is any
arbitrary constant). The LHSs of Egs. (9) and (10) can be expressed
in the form:

DV = f“’):( —§>c1~V1n(T)+x;‘dlz.c1

L 2%.% :Vco}, (14)
DI = £50 ! (%”22 - §>c2 VINT) + %5 'dy1 - G

+2<520<52 : Vco}, (15)

in which €; = (m;/2kT)"/2C;, C; = ¢; — ¢o, and the bold sans serif
notation, w, denotes a dyadic tensor, w = ab, constructed from the
components of the vectors, a and b. Note that dy; is given as either
of the two forms noted below:

1 1
dlZZM{B——VPZ—(Fl——Vpl)}, (16)
op P2 p1
nina(my —m
diy = Vg 4 MR ZM) 6y %(F B, (17)

where p; and p, are the mass densities of the constituent gases,
p = p1 + p2 is the total mass density of the mixture, p; and p;
are the partial pressures of the constituent gases, and p = p1 +
p2 is the total pressure of the mixture. Since Vx, = —Vxq, either
Eq. (16) or (17) can be used to show that dy; = —dj3. The functions
¢§1) and qﬁé” can then be expressed as:

oIn(T d

(D%l) =—A- 0 —D;-di2 —2B1: —cp, (18)
ar ar
oIn(T d

@él) =-A;- i) _ D, -di; — 2By : —co, (19)
ar ar

where the functions A and D are vectors and the functions B are
non-divergent tensors, such that:
B =CCB(0), (20)

A=CA(C), D=CD(C),

with the appropriate subscript 1 or 2 implied throughout each ex-
pression, and where A, D, and B, must satisfy the following pairs
of equations, respectively:

](0>(<€1 )C] =nil1(A1) + ninali2(Ar + Ag), (21)
2(0> (%2 Z)Cz =n312(A2) + ninala (Aq + Ap), (22)

1¢1 =311 (Dy) + ninyl1a (D1 + D), (23)
—x21f2(0)C2 =n215(D) + ninzlz (D1 +Dy), (24)
f](°)<g1<g] =n?11(B1) +ninal12(By +By), (25)
F2€,%2 =n315B2) +ninalo1 By +By). (26)

Note, that the forms for the distribution functions <I>{1) and <I>§”
have been chosen such that A and D must also satisfy the relation-
ships:

[f;o)ﬂhC] -Ajdcy + f fz(o)mZCZ -Aydey =0, (27)

/ FOmicy - Dy dey + / £9myC; - Dy dey =0, (28)
such that the second-order Chapman-Enskog approximations yield:
O = FO11 — A1(C1)Cy - VIN(T) — D1(C1)Cy -di
— 2B1(C1) €€y :Veol, (29)
and:
AP = F52{1 - A2(C)C - VIn(T) — D2(C)C; - dia

—2B,(C) C2C2 : VCo}. (30)

Egs. (29) and (30) then allow one to verify that the mean kinetic
energies of the peculiar motions of the molecules of each con-
stituent gas are the same up to this level of approximation.

From Eqgs. (21)-(26), one may then construct the following gen-
eral expressions:

n2(A,a} = /f“”( E)q -arde

/ <°>(<52 - —)c2 ayde, (31)
n*{D, a}:xl_l-/fl(o)ﬁ -a1 dcq —x;lffz(o)cz-az dcy, (32)
2 _ [ O . 0 ep.cp. .
n {B,b}—/fl €€ :bi1dcy +/f2 €26 by dcy, (33)

where a is any vector-function defined in both velocity domains,
b is any tensor function defined in both velocity domains, and
{F, G} are known as the bracket integrals which are defined as:

n*{F, G} =n?[F,Gly +mna[F1 + F2, Gy + Galia + n3[F. Gly, (34)

where:

[F,Gh E/Gﬂ](F)dC], (35)
[F,G]zszzlz(F)dcz, (36)
and:

[F1 + G2, H1 + K212
E/.F1112(1‘11 + K3) deg +/G2121(H1 + K3)dc,. (37)
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Here, due to symmetry and linearity, one has that [F,G]; =
[G,Fli, [F,Gl2 = [G,F]p, and [F1 + G2,H1 + K2li2 = [H1 +
K3, F1 4+ G312 such that {F,G} = {G,F}, {F,G+ H} ={F,G} +
{F,H}, and {F,aG} =a{F, G} (where a is any arbitrary constant).

3. The theory for viscosity

Focusing solely on the viscosity solution, one notes that the
lowest-order approximation to the pressure system for a binary gas
mixture reduces simply to the equilibrium hydrostatic pressure of
the mixture. For the second-order approximation, one then adds to
this the pressure system p‘" given by:

pV =nymy (€CHD + nymy(G6) D, (38)

which represents the deviation of the pressure system from the
hydrostatic value. Now, in terms of the second approximation dis-
tribution functions of Eqgs. (29) and (30):

pM = —2m, / F2¢1€i 81 : Veg) dey
—2my / fz(O)CZCZ (B2 : V¢p) de,
2 ° ° o
= —g{m1 / fl(o) CiCy:Bydcy +my / f2(0) (G :B; dcz}e

4 0
= ?anT{B, Ble, (39)

o
where e = V¢ is the rate-of-strain tensor and e= V¢ is the rate-
of-shear tensor. If one then writes the viscosity as:

2
= g1<nZT{B, B}, (40)

Eq. (39) becomes:

o

o ad
pV) = —2ue=—-2u —cop, (41)
ar
which is the expression for the viscous stress system in any
medium.

4. Solution in terms of Sonine polynomials

For the Chapman-Enskog functions of viscosity of a binary mix-
ture, B; and B,, it is assumed that both B; and B, can be ex-
pressed in series form as follows:

+00 +00

Bi= Y b, By= ) byby, (42)
p=—00 p=—00
p#0 p#0

where the same expansion coefficients, b, are used in both series,
the value p =0 is explicitly not included in either series (Note: in
Chapman and Cowling [1], summations that explicitly omit the Oth
term are denoted with primes on the summation symbol), and the
functions, b®, in the two series are defined in the two velocity
domains by the equations:

b{” =0, bS =0, (p<0),
bi” =55,V (67) 6161, bV =500 (65) 6262 (p>0),
(43)

where:

n

gr(;') (x) = Z w(_x)P

= (P —p)!

“ (m+n)! ,
- —x)P, 44
pZ:O ol —pimrpi (44)

(with S,(,?) (x)=1 and S,(,P(x) =m+ 1 — x) are numerical multiples
(un-normalized) of the Sonine polynomials originally used in the
Kinetic Theory of Gases by Burnett [16]. As it is used in Chapman
and Cowling (and in the present work), we note the following or-
thogonality property of the Sonine polynomials:

/exp(—x)s,ﬁf)(x)sﬁ,? @x"dx={T(m+p+1)/p!)8p.q (45)
0

where §p ¢ is the Kronecker delta and I'(x) is the Gamma function.
From Eq. (33), one may write:

{B.6@} =5, (46)
where:

n2p, = / 0161 :0\ de; + / 10€:%> by de,. (47)
Integrating Eq. (47), one finds that:

pr=20 g =212 g0 @41 (48)
]_2n2’ 71_2n2’ q = q .

Combining Eqs. (42)-(47) yields:

oo

>~ bypbpg =By, (49)
p=—00

p#0
where:
bpg = {b® b @}. (50)

If values for bpq are known, all of the b, can be determined by
solving the algebraic system of equations represented by Eq. (49).
In the general matrix terminology of Chapman and Cowling, this
is:

by = lim {1 +B1 BT}/ B™. (51)

where ™ is the determinant of the 2m x 2m symmetric coeffi-
cient matrix of the system of Eq. (49) and 333';1) is the cofactor of
bgp in the expansion of 2™ Since, from Eq. (48) Bg=0(q#%£1),
this yields:

{B.B}=) by{B,bP} =piby +p_1b 1, (52)
P
which, in turn and still using general matrix terminology, yields

the following expression for the viscosity of a binary gas mixture
via Egs. (40) and (51):

5,1
p= kT lim (G2 + 2008, + 6B} /BT, (53)

It can be shown that the successive approximations to @ as m is
increased form a monotonically increasing series that converges to
an exact value for w in the limit as m — oco. Using Egs. (40), (48),
and (52), we note that the viscosity from Eq. (53) can be expressed
in a more convenient form as:

W =px1b1 +x2b_1), (54)

which is the form that we have used in the current work.
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5. The bracket integrals

In order to complete the evaluation of the viscosity it is nec-
essary to evaluate the bracket integrals defined in Eq. (34) for
{b® b@}. Hence, it is first necessary to be able to evaluate the
square bracket integrals of Eqs. (35)-(37), specifically, [bgp),bﬁq)h,
[bip), bg")hz, and [bgp),bgv]]z. Completion of this task requires in-
tegration over all of the collision variables and, additionally, re-
quires knowledge of the form of the intermolecular potential. How-
ever, the intermolecular potential affects only integrations over the
variables, g and b, because they determine the scattering angle, x.
All six of the other integrals (there are eight total in the colli-
sion operator) can be evaluated in some manner without specific
knowledge of the intermolecular potential.

The specific bracket integrals mentioned above that require
evaluation are given explicitly in Chapman and Cowling but how
they have been identified is not readily apparent in the text which
focuses on very broad generalized expressions that can be diffi-
cult to interpret. In practice, the needed bracket integrals are most
readily determined by considering Eqgs. (25) and (26) directly. If
these equations are expressed as:

n211(B1) +ninzl12(B1) +ninalia(By) = f1(0) C1€1, (55)

n212(B2) +ninzla1 B2) + ninalo1 By) = fi¥ €2%€, (56)

then one can insert Sonine polynomial approximations for the so-
lutions, B; and B, can multiply through the equations with ad-
ditional Sonine polynomials, and can then integrate the equations.
By using the orthogonality of the Sonine polynomials as given in
Eq. (45), this process will yield a set of simultaneous equations in-
volving the matrix coefficients necessary to specify the solutions.
The RHSs of the equations determine the constants, 84, and the
LHSs yield combinations of bracket integrals that correspond to
the desired bpq coefficients of the matrix used to determine the
by values which, in turn, determine the viscosity via Eq. (54).

The easiest way to follow this process is via a low-order ex-
ample. If one considers the Sonine polynomials used in the def-
inition of the bgp ) and bgp ) Chapman-Enskog expansion tensors,
p =1 is the lowest order with S,S?)(x) =1, such that bgl) =
5;3)2(%0]2)%1%1 =¥ 1¥¢1 and bé_l) = 5;3)2(%022)652%2 =6,%>.
Using only this order of approximation for By and By, i.e. assum-
ing that B; = b]b(ll) =b1€1%€1 and B, = b_lbé_l) =b_16,%>,
one may express Egs. (55) and (56) as:

n211(€1€1)b1 +ninzl12(€1€1)b1 +ninzl12(€2€2)b_1

=f{” €11, (57)
n312(€2€2)b_1 +ninzl21 (€2€2)b_1 +ninzlan (€1€1)b1

= 2(0) €.6. (58)
Now, multiplying through Eq. (57) by %10‘61 and through Eq. (58)
by €%, one has:
n2€1€1:11(€1€1)b1 +n1n2 €161 : [12(€1€1)b1

+ G161 12(626)b1 = €161 17 €1€1. (59)
and:
N3€2%, : 1,(€2€2)b_1 +n1ny €2€2 : 121(€2%62)b_1

+ 11Ny €262 : 121(€1€1)b1 =€2€ : f2(0) €.¢,. (60)

From these, after integrating throughout Eqgs. (59) and (60) in
the manner of Egs. (12) and (13) for I; and I;j, one can express
Egs. (59) and (60) in bracket integral notation as:

(n%[‘g:‘& , ‘510‘51]1 + n1n2[<€10‘61,‘610<€1]12)b1
+ nlnz[‘glocglycfz%z]lzbfl
= /f ‘610‘61 :fl(o) ‘6;‘61 ga de’ dc, (61)
and:
n1ﬂ2[‘520‘52, ‘510‘51 Io1b1 + (n%[‘g;‘fz, ‘520‘52]2
+n1n2[‘52%2,‘520‘52]21)b—1
_ / / €162 [V €25 g0 de de. (62)

Given the way that the solution has been approached and the low
order of this example, it is readily apparent that these equations
(when divided through on both sides by n?) must be equivalent
to:

bub1 +b1-1b—1 = B, (63)
b_1ib1 +b_1-1b_1 =B, (64)
where:

by =X%[‘g10‘51,<510<51]1 +X1X2[‘510<51,%”10‘51]12, (65)
b1-1 =X1X2[‘510‘51,‘520‘52]12, (66)
b_1 =X1X2[‘52%2,‘€1%1]21, (67)
b11= X%[‘gzocgz, <520%2]2 +X1X2[<520‘52, 'fzocfz]zl, (68)

and the integrals on the RHSs correspond to the B; constants
which, due to the orthogonality of the Sonine polynomials, are de-
fined only in the current example where ¢ = £1 and are otherwise
zero. Egs. (63) and (64) can, of course, be rearranged to cast them
into the ordered form that corresponds directly to the form that
the more general, higher-order problem has been expressed in, i.e.:

b_1-1 b_ b_ _

[ 1-1 11][ 1}:[,31] (69)
bi-1  bn b1 B

Thus, with the bracket integrals expressed in terms of the appro-

priate Sonine polynomials, the matrix elements of Eqs. (65)-(68)
are simply:

bu =x[53}5(€7) €1%1. S5(61) €161],

+ xS (67) €11, 50, (67) 6161 ],,. (70)
b1y =[SO, (62) €1%1. 5,(63) 62621, @
b =xi:[S(63) €:%>. S0 (47) €161 1,,. (72)
bo1-1 = 3[S0)(€3) €:%2. 504(62) %:%2],

xS, (63) €:%>, S0 (4F) €2%2],,. (73)
which, for higher-order expansions, become simply:
bpg = [5%; " (€7) 11, 53,7 (¢) €161 ],
+xn[sl; " (€2) €%, S5 () 6], )
byq =xix[SY; " (7)1, 55, (47) €:2%2).,. (75)
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b_pg= X1x2[5¥;2_1) (%22) €262, 5(54/;1)(%12) (glcgl]zr (76)

bopq=2% [5272_1) (ngz) €262, Séq/;l) ((522) qucgz]z
+x0[s8; " (6)€:2%5, 59,V (63) 262, (77)

From the definitions of I; and I;; in Egs. (12) and (13), it fol-
lows that Eqs. (76) and (77) are essentially identical to Eqs. (75)
and (74), respectively, with the only difference being the inter-
change of the subscripts 1 and 2 representing the different com-
ponents of the mixture. Thus, in general, the complete Chapman-
Enskog solution for viscosity requires only the bracket integrals:

[s42(€7) €161, 55, (67) €1%1],.

[s55(€7) €11, 55)5(47) €161

12°

[$5)2(67) €161, 550, (€7) €:%7] (78)

127
which are exactly those identified by Chapman and Cowling. Some
further simplification of the problem can be obtained by noting
from Chapman and Cowling that, in the limit of a simple (single)
gas where m; =mpy, ny =ny =n, and oy = 12 = 1, one has that
[F,Gl1 = [F1, G1 + Gali2 = ([F1, G1l12 + [F1, G2]12) which, in the
current problem, equates to:

[552(47) €1%1. 55),(47) €1%1],

= ([sE)(62) 61%1. 55, (€7) 1%1],,

+[S5(60) €161 S, (62) €22 ),y - (T9)
ni=ny=n
o12=0021=01

At this point, it still remains to perform the six integrations
unrelated to the intermolecular potential model that is employed
in order to complete the evaluation of the two necessary bracket
integrals on the RHS of Eq. (79). For the relevant details of this in-
tegral evaluation process, one should refer to the text of Chapman
and Cowling [1]. We note that Chapman and Cowling make use of
the following definition of the Sonine polynomials:

(S/s)™ ! exp(—xS) = (1 —5) "™ ' exp(—xs/(1 —5))
=" (), (80)
n=0

where S=5s/(1 —s) and, likewise, T=1t/(1 —t), are used to ex-
press the needed bracket integrals in terms of the coefficients of
expansions in the arbitrarily introduced variables, s and t. Thus,
it is possible after following Chapman and Cowling to determine
that:

[S52(€7) €161, 55),(47) €],

7/2
=coeff[sptq]<<§> 73
st
x///{LQ(O)—L12(X)}gbdbd8dg), (81)
and:

[Sél;)z (¢1) €11, St(sq/)z (67) 1% |

7/2
= coeff[sPt"] <<§> a3
st
x///{Ll(O)—L1(X)}gbdbdsdg>, (82)

where g = (moM1M3/2kT)'/?g;. Note that the retention of a sin-
gle g in the integrands of Eqs. (81) and (82) (as opposed to g) is
not a typographical error but, rather, is the exact notation used by
Chapman and Cowling. After integration over ¢ and the directions
of g (which changes the constants somewhat), one can express the
x -dependent portions of the RHS bracketed integrals of Eqs. (81)
and (82) as:

3/sT\"?
§<§> (MiM2) ' 32 Lyp(x)
2r
—e Z Z{2M1M25t(1 — cos(x))}r<gr—'>(Mzs + Myo)"
r n ’
x [(n + 1 +2)5"D (5%)
+20n + 1g?(1 = cos(x0)) S5 )3 (5)
1 . n
+g4{(1 - COS(X))2 —5 51n2()()}5ﬁ+)5/2(é72)]’ (83)
and:
3/sT\"*
2(2- =3/2
3 ( o ) Tl (x)
2r
=e " 33 [st(M2 + M3+ 2M1 Ma cos(x))]r<‘gr—,>

x [Maz(s + 1) — (M2 — My)st]" [M%(n + 1) +2)S57 ()
+2(n+1)g*M1 (M1 + Mg cos(x)) S %)) (4°)

1 n
+g4{(M1 + My cos(x))’ — M3 sinz(x)}sﬁjs/z(ﬂz)] (84)

In both of these cases, the coefficient of [sPt?] yields a polynomial
in powers of 42 and cos(y) that is multiplied by exp(—4?) and in
which each term is some function of the molecular masses via M1
and M;. The y-independent portions of the RHS bracketed inte-
grals of Egs. (81) and (82) are obtained by the simple expedient of
setting x =0 in Egs. (83) and (84) which yields overall terms in
the combined polynomial involving (1 — cos(x)). Thus, it is pos-
sible to express Eqs. (81) and (82) as:

[55(51;)2 (%12) €1%1. Sg})z (%2) %2%2]12
= St g [ [exn(-5?)

x Z(qurg)gzr+2 (1 —cos’(x))gbdbdy
(N4

16
= MM S B 21y ), (85)
[N

and:
) p ) p
[551;2(%12)%1%17 ng(%lz)cglcgdu
16
= ?”1/2 // exp(—4?) Z(B;M)gz”z(l — cos‘(x))gbdbdy
r.e
16 ,
=3 > (Bl 245 (1), (86)
r.t
where the omega integrals are defined as:

kT
QW) = (

12 % o
2\ 2r43
_— exp(— dg, 87
2nm0M1M2> / p( g )27 ¢, dg (87)
0
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with:
T

o) = rr/ (1 —cos’(x))bdb. (88)
0

As stated by Chapman and Cowling [1]:

“Explicit expressions for [Bpgr¢ and B;,M] can be obtained from

[Egs. (83) and (84)] using [Eq. (44)] for S,(,?)(x). In view of the
complication of these expressions it is, however, better in prac-
tice to calculate any desired values of [Bpqr¢ and B;)qr[] directly
from [Egs. (83) and (84)].”

We have explored this approach as suggested by Chapman and
Cowling using Mathematica® up to order 60 and are reporting our
order 60 viscosity results here. We have used Mathematica® for
this work for its versatility in permitting both symbolic and high-
precision computations although we note that other programming
environments (such as Fortran, C++, etc.) could also have been
used with additional effort. In all of our expressions, we have re-
tained the fully general dependence of the expressions on the mole
fractions, the molecular masses, and the models of the intermolec-
ular potential that can be employed. For example, from Eq. (49),
since there exists symmetry in the off-diagonal elements such that
bpg = bgp, one can write the following matrix equation for order 1
that we arrived at previously in our low-order example:

b_1-1 b_ b_ _

[ 1-1 11}[ 1]:[1‘31]' (89)
bi—1  bn b1 B

Here, we have explicitly determined the general expressions for

the by, coefficients to be:

boi_1 =x3{42 (2))

80
+x1xz{ — (M1 M) 2D (1) + s(M%)Q@(z)} (90)
b1 —Xlxzi——(MlMZ)-Q(])(l)+8(M1M2)9<2)(2)} (91)
by 1—xwz{——(M]Mz)Q“)a)+8<M1M2>9<2)<2)}, (92)

by =x2{42{% (2)}
80
+xlxz{?(M1Mz>sz§;)(l) +8(M3) 7 <2)} (93)
The symmetry in the off-diagonal elements is obvious, with b_1; =

bi—1. Likewise, for order 2, Eq. (49) plus symmetry gives the fol-
lowing matrix equation:

by b1 by b_xm b_, 0
b_1_2 b_1_1 b_ b_ b_ _
1-2 1-1 11 12 1l B-1 ’ (94)
bi—2  bi1 bn  br2 b1 B1
b2 ba-1  ba  bxn b 0

and we have determined the general expressions for the bpg coef-
ficients to be:

301
b 2—x2{ =272~ .(2(2)(3)4—(2(2)(4)}

1540 / 4
+X1X2] —— M1M2+

703 o)
—MiM; )21y (1
3\ 7 2) 2 (D

1

784 128
=5 (MiM2) 23 @) + == (M M2) 235 3)
602 (22 21
M3 M3 Mi )22 @) - 56(MH) 22 3
+3(43 3+ ) e @) - se(mi) e 3)

+8(MH) 2% @ + 16(M3M2).Q<3)(3)} (95)

boy1=b_1,=2{72%2) - 22 3)}
280
+x1xz!T(M%M2)Q<”(1)

—g(M3)2 <2>(3)} (96)
b_z1 =bi_ 2=X1X2{—2§70(M2M2).Q(1)(1)+—Z(MZMZ)_Q(])Q)

+28(M2M3) 22 (2) — 8(M2My) 22 (3)}, (97)

1540 784
b_oy =bss _Xlxz{—T(MZMZ)Q(l)(l) + —(M2M2)9<”(2)
128
3
—56(M2M2)22 (3) + 8(M2M2).Q(2) (4)

= (Mim3) 28 3) + E (M2M3)23(2)

—16(M3M3) Q%) (3)} (98)

b11= X§{4.§22(2) @}

+x1xz{@<M1Mz)9“>(1>+8(M2) (”(2)} (99)
by =bi_ 1_x1xz{——(M1Mz>9‘”<1)+8<M1M2)9<z>(2)}
(100)

280 112
—T(M1M2).Q(1)(l) + —(MiM2)2$) )

b_12 =by1 =X1xzi 3

+28(M1M2) 29 (2) — 8(M1M3) 9<2)(3)} (101)

by =22 {422 2)) +X1XZ{—(M1M2)91(;)(1) +8(M2)9<2>(2)}

(102)

280
by =by =2{722(2) — 222 3)} +xix, { 5 (Mm2)2d )

112
. —Z(MiM3) 2y ) +28(M3) 25 (2)

9@)(3)} (103)

301
by = 3 { E:z<2> ) — m{z’ 3+ 2P (4)}

1540
+ X1Xx2

7
— —M3M; + — M1M3)9§;)(1)

1

<”<2) + ?(Mﬂvﬁ) 223

84
(M 1M3)2
M

7
+8( )g]@ @)+ 16(M1M2)Q(3) (3)} (104)
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In Eqgs. (95)-(104), the off-diagonal symmetry has been expressed
explicitly. While we could, certainly, go even higher in order de-
tailing explicit expressions for the matrix coefficients, the expres-
sions rapidly become unwieldy in analytical form. If one wishes
to verify our order 2 expressions or if additional explicit expres-
sions for the order 3 matrix coefficients are desired, we note
that they can be constructed directly from the relevant bracket
integral expressions which have been reported previously in the
literature [20,21]. In producing analytical order 60 results com-
putationally we have, of course, gone far beyond the hand cal-
culated orders 2 and 3 reported in the previous literature and
are in essential agreement with those bracket integral results ex-
cept for an apparent typographical error in Ref. [21] where one
coefficient in the bracket integral corresponding to (in our nota-
tion) [S (2/)2(?52)‘6’1‘61 (1/)2(%2)‘52‘6’2]12 for the omega-integral
9(2) (2) should be changed from 4095 to 4095 . The bracket integrals
approprlate to higher orders have not been previously reported to
our knowledge. In going computationally to higher orders, all of
the previously generated expressions are retained and need not
be recomputed. Most importantly, regardless of the order of the
expansion used, the dependencies of the matrix coefficients on
mole fractions and molecular masses are carried through in gen-
eral form. Molecular diameters and the specific intermolecular po-
tential model used are also carried through in general form via
the omega integrals which may also be defined in terms of the
quantity, o12. This quantity is, in purely general terms, only a con-
venient, arbitrarily chosen length in the range of b. Thus, it is often
convenient to express the omega-integrals as [1]:

1
2( 2w kT )/W(Z)(r)

QW) = Lop (22
2 12 m0M1M2

(105)

where:

o]

W(l) r) = /exp(—gz)gzr+2

o0
:Z/exp(_f)gzrﬂ
0

o) o )

_ cos?t i)d(i>d
(1—cos (X))<a12 on )

O\u \::

(106)
and where the corresponding simple gas expressions are:
kT\'/?
2" = (’” ) W), (107)
my
with:
o0 T b b
w9 = 2/ exp(—4°)g* /(1 - COSE(X))<;1) d<0—1) dg,
0 0
(108)
and:
¢ kT 2 ¢
2" = 5(—) w3 (). (109)
my
with:
o0 s b b
wi? () =2 / exp(—g2)g¥*3 /(1 —cos’(x)) (U—z) d(O'_z) dg.
0 0
(110)

In Egs. (105)-(110), o1 and oy are arbitrary scale lengths associ-
ated with collisions between like molecules of type 1 and type 2,

respectively, while o, is associated with collisions between un-
like molecules of types 1 and 2. These scale lengths are commonly
associated with some concept of the molecular diameters depend-
ing upon the specific details of the intermolecular potential model
that is employed. In the current work, we are reporting results for
the case of rigid-sphere molecules because the form of the poten-
tial model allows the omega integrals to be evaluated analytically
eliminating the need for any numerical integrations in the current
work. Some of the details of this potential model are described in
the following section.

6. The case of rigid-sphere molecules

For the specific case of a binary, rigid-sphere, gas mixture, one
has an intermolecular potential model of the form [22]:

o0,
U(r): :O

where 013 = %(01 +07), and o1 and oy are the actual diameters of
the colliding spherical molecules. Under the rigid-sphere assump-
tion, one then has the collisional relationships b = o3 cos(} x) and

bdb=— (712 sin(x ) dy. Using these in Egs. (105) and (106) yields:

r<oi, (111)
r>oi2,

1 1
© ¢
Wi, (r)=Z|:2— m(1 +(=1) )}(r—l—l)!, (112)
such that:
2mkT 124 1
2 o2 (2 ) S| (14 (=1 1)!
0= 212 oMo, ) a2 T e et

(113)

and, since sz) r) =
gas expressions:

Wé“(r) = W<‘Z> (r), the corresponding simple-

0) kT ”21[ 1
frn=o <m1) ik L’+1( + DY) [+ (114)

and:
1/24
©) kT 1
2, —-12— 1 . 115
n= <m2) 4[ et ) [+ (115)
All of these omega integrals are readily evaluated for the purpose

of the current work and, thus, one has the following simplified,
rigid-sphere, matrix elements for the order 2 approximation:

HTkT 205
bh_ — 2
2= Xz{ myp 6 2}
4 2w kT 3am4 + 37OM3M
%21\ moM1 M3 LT

308 , , 280
+TM M2+TM‘1M 012

5 kT 2 kT 3
b 1=b_12=x1{— my ——203  +xix) - moM; My M

(116)

28
+3 MZMz)alz} (117)
| 27kT 16
b—21 :bl—z :X1X2{ W?M%MZUEZ}, (118)
[ 2mwkT
b_2y=by_» =X1X2{_ mSOMZMZJQ} (119)
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[TkT
b_1.1 =x§{ %8022

2mkT

+x1%04 | ———— 8M2+@MM o2 (120)
142 moM; Ms 1 3 1V2 12 (°
2wkT 16
b_y1=bi_1 =x1%2} —. | ———— — M M0}, 121
11 =bi-1 12{ moM M, 3 M 2012} (121)
2wkT 16
b_13=by_1= S MiM3g? , 122
12=Dby1 Xlxz{ moM1 M, 3 1 2‘712} (122)
|TkT
b]]:X%{ T[—SO’]Z}
my
+xix 27kT_ (ops2 4 400y ) o2 (123)
142 moM; My 2 3 112 12 (>
kT 2wkT
brp=by=x>— | =202 + x;x2] — | ——( aM3
12 21 { m 1}+ 1 2{ m0M1M2< 2
28
+ ?M1M§)0122 } (124)

[kT 205 [ 2mwkT 370
by =x2) |[— =02 = (34am%+ =—MmM3
22 Xl{ - 6 0'1 }+X]X2{ m0M1M2( 2+ 3 1Vl

308 280
+=—MM3 + —M?Mz)alzz}.

3 3 (125)

In our results, this methodology is continued to arbitrary order
with the full dependencies of the matrix elements on the molecu-
lar masses, mole fractions, and molecular diameters being retained
explicitly up to the final point of actual evaluation via matrix inver-
sion. As indicated previously, adaptation of this work to more real-
istic potential models is straightforward since the potential model
is present in the bracket integral expressions via the omega inte-
grals.

7. Results

The quantities of major interest in the present work are the
viscosity:

u=p(x1b1 +x2b_1), (126)
and the Chapman-Enskog viscosity solutions:
“+0o0
Bi(61) =Y bpSEy " (€7) 61, (127)
p=1
—0Q0
By(6a) = Y bpSS " (63)%3. (128)

p=-1

Here, note that by and b_; are actually integrals on B; and B,
and, thus, may be expressed as:

o0
16
b :ﬁ/exp(—%f)%f&(‘&)d%l, (129)
0
and:
6 [
b_q= 15ﬁ/exp(—<g§)<g;1$2(%)d<g2. (130)
0

Note that By, By, b1, b_1, and u are all dependent upon x1, x2, my,
my, o1, 02, and temperature, T, although these dependencies are
not displayed explicitly in the above equations. In the mth order of
the expansion, we write these as:

[Wlm = p(x1b{™ + x2b™), (131)
B (%)) = ibé’") si D (@7)er, (132)
p:1
By (6 = 3 6™ 58, ()6, (133)
"L
™ = 15155 / exp(—62) 6B\ (61)d6;, (134)
0
and:
o0
b = % / exp(—62) 5B () d6>. (135)
0

As a part of this work, we have carried out the following sets of
calculations:

(i) We have conducted a comparison of our results from the cur-
rent work with the results previously reported by Takata et al.
[18]. To conduct this comparison, we have adapted our results
so as to present them using the same non-dimensionalization
scheme employed by Takata et al. and have then plotted our
adapted results in graphical form with the same scaling and
for the same set of virtual gas mixtures reported by Takata et
al. Note that the graphical results reported here are from the
current work. The results of Takata et al. are indistinguishable
by eye from the current results and have not been re-reported
here.

(ii) We have conducted a comparison of our results from the
current work with the results previously reported by Gar-
cia and Siewert [19]. In this comparison, we have again
adapted our results so as to present them using the same
non-dimensionalization scheme employed by Garcia and Siew-
ert which is in part the same as that used by Takata et al.
[18]. However, Garcia and Siewert presented their results nu-
merically rather than graphically for selected real-gas mix-
tures and we have included our similarly adapted numerical
results corresponding to the same real-gas mixtures. Addi-
tionally, Garcia and Siewert presented numerical results for
the non-dimensionalized quantities, €p.1, £p,2, §1, and §2
(defined below) which we have also computed in the same
non-dimensionalized forms for comparison purposes. Here, we
have included some of our actual numerical values from or-
ders 58-60 which allows the degree of convergence of our
results to be explicitly assessed in each case.

(iii) Using the non-dimensionalization/normalization scheme of
Chapman and Cowling [1] which normalizes viscosity rela-
tive to the first-order approximate results, we have obtained
a comprehensive set of order 60 results for all binary mix-
tures of the noble gases He, Ne, Ar, Kr, and Xe. The two cases
considered by Garcia and Siewert [19] are a subset of these
collected results which are presented numerically for orders 1
(un-normalized) and 60 (normalized to order 1). Additionally,
we present extrapolated limiting values of the viscosities (des-
ignated by a subscript “Wynn”) that have been obtained by
applying the Mathematica® function SequenceLimit to the
sequence of normalized viscosity results corresponding to or-
ders 1 through 60.
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Fig. 1. The /i functions calculated in this work for comparison with the values re-
ported by Takata et al. [18] for 02/01 =1/2.

In the work of Takata et al. [18], the authors have considered
cases involving a selection of “virtual” gas mixtures for which the
size and mass ratios of the constituents are general values only and
do not reflect the sizes and masses of specific gas constituents.
The size ratios that have been considered in this work include
0y/01 = % 1,2 and the mass ratios that have been considered in-
clude my/my =1,2,3,4,5,8,10. Mole fractions are specified by
x1 € (0,1) with x; +x2 = 1. The authors define a non-dimensional
viscosity as:

A= fiu, (136)
where:
VmikT 1\
fi= ( TZ; m) : (137)
1

and, thus, & depends only upon the masses, m; and my, the
molecular diameters, o7 and o3, and the mole fractions, x; and x5.
Dependence upon the temperature, T, has been totally eliminated
for rigid-sphere molecules which is quite convenient because the
rigid-sphere model is known to exhibit an unrealistic temperature
dependence. The authors have presented their results graphically
and have not given their precise numerical results explicitly al-
though our comparison results indicate that they have obtained
precise results for the cases studied. We have reported our results
graphically, in the same format and for exactly the same cases con-
sidered by Takata et al., in Figs. 1-3 where our reported results
conform to the same non-dimensionalization scheme described in
Egs. (136)-(137) and which we note are visually indistinguishable
from the graphical results of Takata et al. which have not been ex-
plicitly reproduced here.

In the work of Garcia and Siewert [19], the authors have consid-
ered Ne:Ar and He:Xe gas mixtures. They have reported values of
the non-dimensionalized quantities [i, €p 1, €2, B1, and By that
are related to our results in the following manner:

2

N o

M=f1u=23/2(7]) (X16p.1 + X28p,2), (138)
X101 + X202

ep,1 = fab1, (139)

€p.2= fab-1, (140)

4.0 0'2/0'121 T

35
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Xy

Fig. 2. The /1 functions calculated in this work for comparison with the values re-
ported by Takata et al. [18] for 03/01 =1.
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Fig. 3. The [ functions calculated in this work for comparison with the values re-
ported by Takata et al. [18] for 03/01 = 2.

-~

B1 = f2Bs,
By = 2By,

where f is the same non-dimensionalization used by Takata et al.
[18] in Eq. (136) and:

(141)
(142)

-2
f2= f12*3/2p<L) . (143)
X101 + X202
We have, again, adapted our results in a corresponding manner in
order to conduct a comparison with Garcia and Siewert in their
notation and this comparison is given in numerical form in Ta-
bles 1-5 for selected cases. Note that for the Ne:Ar mixture, Garcia
and Siewert used molecular weights of 20.183 and 39.948 for Ne
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Values of €, 1, €p,1, and fi presented in the dimensionless form used by Garcia and Siewert [19] and computed using the same molecular masses and sizes that they used
for a binary, rigid-sphere, gas mixture of Ne:Ar with the current order 58, 59, and 60 results arbitrarily truncated at 20 significant figures.

X1

Garcia and Siewert [19]

Present work

SpJ

€p.2

ﬂT

€p.1

€p.2

7

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.5595420

0.5476674

0.5359138

0.5242967

0.5128351

0.5015515

0.4904734

0.4796344

0.4690763

0.4588517

0.4490278

0.6317248

0.6176388

0.6036851

0.5898802

0.5762439

0.5627999

0.5495769

0.5366103

0.5239439

0.5116331

0.4997484

0.903862

0.926428

0.951027

0.977937

1.00749

1.04008

1.0762

1.11643

1.1615

1.21232

1.27004

0.5595419676692080135
0.5595419676692087027
0.5595419676692092190
0.5476674230030515696
0.5476674230030519489
0.5476674230030522315
0.5359137600871278461
0.5359137600871280432
0.5359137600871281891
0.5242967335652768020
0.5242967335652768976
0.5242967335652769678
0.5128351292637218386
0.5128351292637218813
0.5128351292637219124
0.5015515418963773753
0.5015515418963773925
0.5015515418963774049
0.4904734073043349838
0.4904734073043349898
0.4904734073043349942
0.4796343927427824630
0.4796343927427824648
0.4796343927427824660
0.4690763001600726542
0.4690763001600726546
0.4690763001600726549
0.4588517197238235193
0.4588517197238235193
0.4588517197238235194
0.4490278062878924345
0.4490278062878924346
0.4490278062878924346

0.63172475587517940212
0.63172475587517940213
0.63172475587517940213
0.61763878392026992253
0.61763878392026989958
0.61763878392026988248
0.60368509577823719786
0.60368509577823717168
0.60368509577823715230
0.58988023823505222751
0.58988023823505220635
0.58988023823505219079
0.57624393073746343774
0.57624393073746342354
0.57624393073746341318
0.56279988306568113001
0.56279988306568112178
0.56279988306568111583
0.54957688246219324868
0.54957688246219324456
0.54957688246219324160
0.53661026065287905164
0.53661026065287904989
0.53661026065287904865
0.52394390652487269288
0.52394390652487269228
0.52394390652487269186
0.51163307906334812957
0.51163307906334812942
0.51163307906334812931
0.49974842186381900536
0.49974842186381900534
0.49974842186381900532

0.90386225002530434319
0.90386225002530434320
0.90386225002530434321
0.92642788323526232109
0.92642788323526234729
0.92642788323526236680
0.95102658536050854817
0.95102658536050857795
0.95102658536050859997
0.97793688289859194166
0.97793688289859196545
0.97793688289859198292
1.0074903509531462084
1.0074903509531462240
1.0074903509531462354
1.0400848946575599796
1.0400848946575599884
1.0400848946575599947
1.0762022481161614336
1.0762022481161614378
1.0762022481161614407
1.1164313496741517441
1.1164313496741517458
1.1164313496741517469
1.1615000475714855626
1.1615000475714855631
1.1615000475714855635
1.2123188450384572282
1.2123188450384572283
1.2123188450384572284
1.2700424270699528174
1.2700424270699528174
1.2700424270699528174

T Calculated here (see Eq. (138)) from &p,1 and &p > as reported by Garcia and Siewert.

Table 2

Values of €p 1, €p.1, and L presented in the dimensionless form used by Garcia and Siewert [19] and computed using the same molecular masses and sizes that they used
for a binary, rigid-sphere, gas mixture of He:Xe with the current order 58, 59, and 60 results arbitrarily truncated at 20 significant figures.

Garcia and Siewert [19]

Present work

'aT

X1 Ep.1 €p.2 m Ep.1 €p.2 y2s
0.0 0.6872939 2.571784 1.46801 58 0.6872937322013061374 2.571784078122286320 1.468010550302649127
59 0.6872937447070151995 2.571784078122286320 1.468010550302649127
60 0.6872937560689973469 2.571784078122286320 1.468010550302649127
0.1 0.6591318 2.496050 1.47828 58 0.6591317010899825315 2.496050032005066600 1.478278852837708127
59 0.6591317080786303823 2.496050031666878712 1.478278853089907215
60 0.6591317143929958823 2.496050031359873829 1.478278853316941398
0.2 0.6313460 2.424505 1.48925 58 0.6313459115366166018 2.424504832197169971 1.489249176338942153
59 0.6313459151919377899 2.424504831768158172 1.489249176618539411
60 0.6313459184749826248 2.424504831380797925 1.489249176868483918
0.3 0.6040327 2.358467 1.50078 58 0.6040326461214347863 2.358466807576086552 1.500783073486171713
59 0.6040326478783327377 2.358466807190135265 1.500783073696612578
60 0.6040326494459975592 2.358466806843711164 1.500783073883215617
0.4 0.5773241 2.299872 1.51252 58 0.5773240572503967573 2.299872149675410386 1.512521641308333831
59 0.5773240580043236595 2.299872149389605219 1.512521641430480553
60 0.5773240586719789073 2.299872149134824764 1.512521641537703647
0.5 0.5514060 2.251684 1.52364 58 0.5514060290073501917 2.251684192827048473 1.523643416565273163
59 0.5514060292816985444 2.251684192650492136 1.523643416618428841
60 0.5514060295223141155 2.251684192494498734 1.523643416664425937
0.6 0.5265471 2.218677 1.53232 58 0.5265471195182058579 2.218676851307744181 1.532318201715292502
59 0.5265471195936374130 2.218676851223210552 1.532318201729866321
60 0.5265471196587474937 2.218676851149646338 1.532318201742141638
0.7 0.5031460 2.209062 1.53438 58 0.5031459951586207703 2.209061619755904188 1.534376355824601918
59 0.5031459951685818242 2.209061619735066384 1.534376355825692539
60 0.5031459951766715873 2.209061619717991686 1.534376355826509563
0.8 0.4818064 2.238244 1.51971 58 0.4818063818842309327 2.238244420339314744 1.519710173141090702
59 0.4818063818813508385 2.238244420352276109 1.519710173141616425
60 0.4818063818786078540 2.238244420364739004 1.519710173142160379
0.9 0.4634256 2.338849 1.46101 58 0.4634255855727828224 2.338848604878315598 1.461014354508504662
59 0.4634255855713369549 2.338848604897930042 1.461014354509986315
60 0.4634255855700366116 2.338848604915747730 1.461014354511358659
1.0 0.4490278 2.593733 1.27004 58 0.4490278062878924345 2.593733186936566237 1.270042427069952817
59 0.4490278062878924346 2.593733186936564630 1.270042427069952817
60 0.4490278062878924346 2.593733186936563393 1.270042427069952817

T Calculated here (see Eq. (138)) from ep,1 and &p > as reported by Garcia and Siewert.
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Table 3

Values of € 1, €p,1, and [ computed in the current work using the same molecular
masses and sizes as Garcia and Siewert [19] for a binary, rigid-sphere, gas mixture
of Ne:Ar with x; = 0.5 and demonstrating the degree of convergence of the current

results as a function of the order of the approximation up to order m = 60.

Table 4

Values of the Chapman-Enskog solution for viscosity presented in the dimension-
less form used by Garcia and Siewert [19] and computed using the same molecular
masses and sizes that they used for a binary, rigid-sphere, gas mixture of Ne:Ar
with the current order 60 results arbitrarily truncated at 8 significant figures.

m €p.1 €p2 2
1  0.489014271942809503  0.557640318263336575  1.02279153639148582
2 0.500148966484225233 0.562686482783745180  1.03860348223764872
3 0.501287238352212758  0.562824661265745622  1.03985083033778413
4 0.501485684809746423  0.562812826116856584  1.04003318702819818
5 0.501531933091506243  0.562805024536433164 1.04007075716938611
6  0.501544924542130930 0.562801913569808127  1.04008041238468336
7  0.501549089164067012  0.562800713769189732  1.04008330960997527
8 0.501550563518324078  0.562800237499302848 1.04008428493866153
9  0.501551127737287012 0.562800040557032337  1.04008464384168076
10 0.501551357715680362  0.562799955697608877  1.04008478565203115
15  0.501551536471126114 0.562799885419491511 1.04008489165614598
20 0.501551541612327209 0.562799883193865289  1.04008489450524761
25 0.501551541875005921  0.562799883075527972  1.04008489464629812
30 0.501551541894301922  0.562799883066649675 1.04008489465647830
35 0.501551541896133184 0.562799883065796074  1.04008489465743368
40  0.501551541896343999  0.562799883065696938 1.04008489465754281
45  0.501551541896372260  0.562799883065683563  1.04008489465755736
50 0.501551541896376550  0.562799883065681524 1.04008489465755955
51  0.501551541896376807  0.562799883065681401 1.04008489465755968
52 0.501551541896376988  0.562799883065681314  1.04008489465755978
53 0.501551541896377116 0.562799883065681253  1.04008489465755984
54  0.501551541896377207  0.562799883065681210  1.04008489465755989
55  0.501551541896377272 0.562799883065681179  1.04008489465755992
56  0.501551541896377318 0.562799883065681157  1.04008489465755995
57  0.501551541896377351 0.562799883065681141  1.04008489465755996
58  0.501551541896377375 0.562799883065681130  1.04008489465755997
59  0.501551541896377392  0.562799883065681121  1.04008489465755998
60 0.501551541896377404  0.562799883065681115  1.04008489465755999

and Ar, respectively, with a molecular diameter ratio of oa;/oNe =
1.406. Additionally, for the He:Xe mixture, Garcia and Siewert have
used molecular weights of 4.0026 and 131.30 for He and Xe, re-
spectively, with a molecular diameter ratio of oxe/oye = 2.226. For
our comparisons with their results in Tables 1-5, we have used the
same molecular parameters used by Garcia and Siewert as listed
above and note only that the values we report as our primary re-
sults were obtained with slightly different parameter values that
we specify later. We note from the results presented in Tables 1-3
that we have precision to a high number of digits in our results
for ep.1, €p,2, and i, and that these results support those of Gar-
cia and Siewert to the number of digits that they had reported.
Here, note that our results for §1 and §2 have not necessarily con-
verged fully to the number of digits shown for all values of € and
that, for the lower and higher values of ¥, expansions beyond or-
der 60 will be needed for more complete convergence. However,
we note that it is the middle range of ¥ (= 1-3) that contributes
the most to the macroscopic quantities of interest (such as viscos-
ity and the slip coefficients) and, thus, our results are the most
appropriate ones to use in calculations of such quantities.

Finally, we present the primary results of this work for binary
mixtures of the noble gases He, Ne, Ar, Kr, and Xe. We note that a
more transparent way to report viscosity results may be achieved
by normalizing the viscosity in the following manner:

() = [l (], (144)

Garcia and Siewert [19] Present work (order 60)

¢ Bi(%) B2 (%) B1(%) By (%)

x1 =0.1 0.0 0.0 0.0 0.0 0.0
0.1 0.008948039 0.008420111 0.0089479790 0.0084201111
0.2 0.03545276 0.03353171 0.035452636 0.033531712
0.3 0.07855316 0.07490027 0.078553089 0.074900268
0.4 0.1368178 0.1318384 0.13681786 0.13183841
0.5 0.2085412 0.2034548 0.20854121 0.20345477
1.0 0.7100345 0.7433387 0.71003446 0.74333869
1.5 1.339594 1.488148 1.3395936 1.4881476
2.0 2.019132 2.338906 2.0191322 2.3389055
2.5 2.717517 3.240245 2.7175174 3.2402453
3.0 3.421611 4.163716 3.4216110 4.1637163
3.5 4.125616 5.094889 4.1256150 5.0948888
4.0 4.826999 6.026471 4.8269989 6.0264714
4.5 5.524760 6.954864 5.5247734 6.9548639
5.0 6.218626 7.878411 6.2187147 7.8784110

x1 =0.5 0.0 0.0 0.0 0.0 0.0
0.1 0.007690682 0.007288256 0.0076906715 0.0072882559
0.2 0.03053225 0.02905193 0.030532226 0.029051931
0.3 0.06786436 0.06499422 0.067864348 0.064994222
0.4 0.1186811 0.1146411 0.11868112 0.11464110
0.5 0.1817459 0.1773693 0.18174593 0.17736928
1.0 0.6346182 0.6592924 0.63461815 0.65929239
1.5 1.221164 1.345306 1.2211640 1.3453057
2.0 1.865655 2.151078 1.8656546 2.1510783
2.5 2.534725 3.023796 2.5347254 3.0237958
3.0 3.213507 3.933287 3.2135065 3.9332871
3.5 3.895101 4.862534 3.8951010 4.8625341
4.0 4.576255 5.801829 4.5762547 5.8018289
4.5 5.255462 6.745558 5.2554652 6.7455579
5.0 5.932088 7.690450 5.9321066 7.6904498

x1=0.9 0.0 0.0 0.0 0.0 0.0

0.1 0.006486759  0.006248353  0.0064867580  0.0062483533

0.2  0.02581069 0.02493178 0.025810685 0.024931775
0.3 0.05757558 0.05586826 0.057575575 0.055868264
0.4 0.1011612 0.09876387 0.10116121 0.098763868
0.5 0.1557752 0.1532257 0.15577522 0.15322573
1.0 0.5615379 0.5805261 0.56153792 0.58052610
1.5 1.109914 1.211018 1.1099144 1.2110177
2.0 1.727389 1.976274 1.7273894 1.9762740
2.5 2.375998 2.826901 2.3759977 2.8269010
3.0 3.037333 3.731066 3.0373327 3.7310662
3.5  3.702490 4.668925 3.7024900 4.6689249
4.0 4.367176 5.628092 4.3671764 5.6280918
4.5 5.029391 6.600728 5.0293911 6.6007275
5.0 5.688295 7.581783 5.6882965 7.5817829

where, [ul?, = [lm/[4]1 and []q is the viscosity of the mixture
computed with a first-order approximation (m = 1). In the general
case, []1 can be explicitly expressed as:

[uh = 5kT (3x3.2{% (2) + 3x2 257 (2) + 20M1 M2 2, (1)

+6(M1x1 — M2x2)?237 (2))/ A, (145)
where:
A =8{3M3x1 2% 2) (225" (2) + 2% 27 (2))
+3M327 () (123 2) + 20625 (2)
+2M1M,[102 22 2)2) (1) + 10427 )21 (1)
+xu0B22 @22 @) +2025 (125 2)]), (146)

and, for the specific case of rigid-sphere molecules, one would use
Egs. (113)-(115) for the omega integrals needed. Based upon this
definition, one may express Eq. (131) as:
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Table 5

Values of the Chapman-Enskog solution for viscosity presented in the dimension-
less form used by Garcia and Siewert [19] and computed using the same molecular
masses and sizes that they used for a binary, rigid-sphere, gas mixture of He:Xe
with the current order 60 results arbitrarily truncated at 8 significant figures.

Garcia and Siewert [19] Present work (order 60)

¢  Bi(%) B2(%) B1(%) B2(%)

x1 =0.1 0.0 0.0 0.0 0.0 0.0
0.1 0.03050749 0.03378962 0.027923925 0.033789624
0.2 0.1068797 0.1345907 0.10266667 0.13459069
0.3 0.2053841 0.3007407 0.20394473 0.30074069
0.4 0.3129096 0.5295988 0.31389900 0.52959878
0.5 0.4244460 0.8177201 0.42507796 0.81772012
1.0 1.009060 2.996638 1.0088808 2.9966377
1.5 1.627307 6.012572 1.6271621 6.0125720
2.0 2.276993 9.460218 2.2771273 9.4602184
2.5 2.956657 13.11015 2.9569973 13.110150
3.0 3.664323 16.84482 3.6639151 16.844819
3.5 4.397634 20.60532 4.3942343 20.605319
4.0 5.154014 24.36247 5.1539701 24.362467
4.5 5.930801 28.10232 6.0289644 28.102317
5.0 6.725367 31.81886 7.2682967 31.818855

x1 =0.5 0.0 0.0 0.0 0.0 0.0
0.1 0.01527023 0.02786601 0.015108419 0.027866010
0.2 0.05814503 0.1111796 0.057835996 0.11117959
0.3 0.1219944 0.2490995 0.12186368 0.24909951
0.4 0.2002270 0.4402630 0.20031454 0.44026295
0.5 0.2880717 0.6828407 0.28813920 0.68284071
1.0 0.7973243 2.579754 0.79730316 2.5797542
1.5 1.359373 5.352794 1.3593535 5.3527938
2.0 1.950200 8.671471 1.9502172 8.6714712
2.5 2.564073 12.30070 2.5641182 12.300701
3.0 3.198823 16.09584 3.1987692 16.095839
3.5 3.853043 19.97289 3.8525839 19.972889
4.0 4.525390 23.88402 4.5253686 23.884024
4.5 5.214438 27.80230 5.2276812 27.802303
5.0 5.918679 31.71282 5.9926429 31.712822

x1 =09 0.0 0.0 0.0 0.0 0.0
0.1 0.007397869 0.02506036 0.0074148273 0.025060360
0.2 0.02936495 0.1001712 0.029393296 0.10017122
0.3 0.06515651 0.2251231 0.065163889 0.22512312
0.4 0.1135534 0.3995709 0.11354393 0.39957090
0.5 0.1731147 0.6230394 0.17311118 0.62303935
1.0 0.5922252 2.451043 0.59222745 2.4510430
1.5 1.128489 5.375200 1.1284900 5.3752000
2.0 1.717866 9.250880 1.7178641 9.2508803
2.5 2.333036 13.92669 2.3330328 13.926686
3.0 2.962572 19.26161 2.9625778 19.261605
3.5 3.601714 25.13209 3.6017485 25.132086
4.0 4.248524 31.43345 4.2485073 31.433451
4.5 4.902269 38.07875 4.9012010 38.078753
5.0 5.562708 44,99667 5.5575101 44.996673

Table 6

(m) (m)
_ p by” b5y
[lm =[] <X1 oh X S0 b3 ),

(147)
[ b3 !
such that:
[Wm = [Tl a]n = p(xabS™* (Y + x2b™*p ™)), (148)
where:
b(m)
m» _ 91
by = (149)
b]
b(m)
b = 5 (150)
b=

are also normalized to their order 1 values, b?) and b(_ll) which
are, explicitly:

bV =n71 (530 27 (2) + 20M; My 21 (1)

+6(M3x2 — MiM2x1) 25 (2))) /4, (151)
b =n1 (5302 (2) + 20M M2 23 (1)
+6(M2x1 — M1M2x2) 25 (2)))/A. (152)

Again, for the specific case of rigid-sphere molecules, one uses
Egs. (113)-(115) for the omega integrals needed. We have reported
some representative order 60 results for [ut], bg”, bf; and [u]g,,
bgeo)*, bf?)* for binary mixtures of the noble gases He, Ne, Ar, Kr,
and Xe in Tables 6 and 7, respectively. The molecular mass and
diameter values used in computing the results given in Tables 6
and 7 are summarized in Table 8.

As a result of our obtaining normalized viscosity values for each
order of approximation up to 60, we have for each combination
of parameters considered, a sequence of values that is known to
be increasing monotonically to a fixed limiting value of the nor-
malized viscosity. As a part of our work, we have applied the
Mathematica® function SequenceLimit to each such sequence
of values in order to determine the limiting values associated with
our order 60 results. The SequenceLimit function extrapolates
to the limit using the Wynn-epsilon algorithm. The extrapolated
results, which we have included in Table 9, are truncated at the
number of digits that appear to be common to all of the extrap-
olations done for each point using Wynn orders from 12 to 22
which is the range of Wynn orders that appears to give the most
consistent extrapolated values. It is our assessment that the ex-
trapolated values presented in Table 9 are likely correct to the

Values of [u]1, bg”, and b(j]) for binary, rigid-sphere gas mixtures of He, Ne, Ar, Kr, and Xe (arbitrarily truncated at 21 significant figures).

X1 [u]1 x 10* (gmcem~'s~1) bg” x 1010 (s1) b!{ x 1010 (s—1)

He:Ne 0.0 2.92741878308280513703 2.88913770844589700176 1.34368924951280000719
0.1 2.87457091754218394474 2.99860390470612425053 1.38237406112066703749
0.2 2.81409265010785212121 3.11589653970997464552 1.42288139658991696790
0.3 2.74472292566742726819 3.24178717070666655686 1.46526632178454263040
0.4 2.66495469170310718033 3.37713346770320234228 1.50956427340968496508
0.5 2.57297981381332066176 3.52288635057964958548 1.55578093550635221419
0.6 2.46662044687919315972 3.68009563162441021352 1.60387809422126770323
0.7 2.34324347097656398304 3.84991258242714015516 1.65375389479859582585
0.8 2.19965389952399640659 4.03358687577877131889 1.70521529625885566101
0.9 2.03196249535873792164 4.23245384538498686289 1.75793964358374222415
1.0 1.83542239893324326724 4.44790567000913691538 1.81142106975893734739

He:Ar 0.0 2.08288258264550698739 2.05564528265038932879 0.829153625748764596205
0.1 2.08912595200792372568 2.19336527037006398775 0.877782658038027373833
0.2 2.09429607819828807954 2.35054849330352297306 0.932353661615851752165
0.3 2.09772294109462499412 2.53156135931888861716 0.993995420556691406144
0.4 2.09838608792901871679 2.74215695429361885582 1.06412970038542593978
0.5 2.09470554052516077882 2.99006118786990180082 1.14456608185654434537
0.6 2.08418333820625434606 3.28587620906805406215 1.23763090825063251035

(continued on next page)
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Table 6 (continued)
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[1]1 x 10* (gmem~!s™1)

bV x 101 (s71)

b %100 (s71)

He:Kr

He:Xe

Ne:Ar

Ne:Kr

Ne:Xe

Ar:Kr

Ar:Xe

2.06276663965863243481
2.02366815070522618899
1.95507315698396541303

1.83542239893324326724

2.29069445315765001595
2.29996588414412040408
2.30864526678849505724
2.31598174702150130554
2.32068645519376118207
2.32050109284246933754
2.31134391844667025898
2.28551296355833244016
2.22760711632037560795
2.10432159509426816375
1.83542239893324326724

2.07245362110288412252
2.08699110979597286944
2.10275645301134304187
2.11966104887099464023
2.13735634836514919031
2.15491994307889401534
2.17012784001680663964
2.17763803894805052416
2.16397106269447652236
2.09150692441684148171
1.83542239893324326724

2.08288258264550698739
2.13444789659795181421
2.19070714612184236145
2.25232215799943131862
2.32008396966820725237
2.39494573365483538915
2.47806615998287277431
2.57086763987752163732
2.67511516124266597363
2.79302520834962376628
2.92741878308280513703

2.29069445315765001595
2.32626768312174477996

2.36553152923020777062
2.40908648566156674660
2.45766924144659698770
2.51219299398853531394
2.57380265744499891992
2.64395158679786193943
2.72450983718089370522
2.81791925712920618360

2.92741878308280513703

2.07245362110288412252
2.11029336364559657894
2.15315130597330988644
2.20209227720914312297
2.25850364545503902581
2.32422656317606976570
2.40175634604303764907
2.49455796191427376289
2.60758047145323730071
2.74812998659531872419
2.92741878308280513703

2.29069445315765001595
2.27792580456086075762
2.26383490878451817545
2.24828394295070345281
2.23111866690908974380
2.21216619817109373792
2.19123245210886234367
2.16809919349290761120
2.14252063667854862465
2.11421952175011211605
2.08288258264550698739

2.07245362110288412252
2.07885303892681738921
2.08487334166880826240

3.64451499737534967737
4.08755640237272916364
4.64725512274322074671

5.37364030429427803665

2.26073965275859858470
2.44303615068828806806
2.65705292525240597026
2.91178412864209581937
3.21994761558125931037
3.60011551554361606980
4.08048097387730268622
4.70592443991018336117
5.55227656735689917586
6.75790474954513806567
8.60270648697165432120

2.04535269785628830251
2.22608453023373598385
2.44171000558585276358
2.70336656086767784013
3.02747173775668941418
3.43925548062224684473
3.97954826746530917399
4.71893608547599563561
5.79057815385998744863
7.47807843578246574375
10.5055599727433085104

2.05564528265038932879
2.13381497011060281924
2.21830122856319785949
2.30991769133478242145
2.40962647579006482559
2.51857417157399298047
2.63813895189007635444
2.76999307293261056454
2.91618701681492024662
3.07926463832057530512
3.26242363787507244099

2.26073965275859858470
2.38260190450511323634
2.51827892104716194002
2.67024752790335195916
2.84161064022732404186
3.03630711693035922887
3.25941146431176393440
3.51757134460689872021
3.81966222856419355921
4.17779481300207183895
4.60891576019373779941

2.04535269785628830251
2.18077584471551245090

2.33534557640444017216
2.51341698597652313610

2.72076918202165363878
2.96523656275628933770
3.25770687687340477821

3.61375987934964924373
4.05648018816788498053
4.62154986037212065587
5.36708604328363454937

2.26073965275859858470
2.30967533841138706717
2.36058777623194628792
2.41358491132955562281
2.46878107410759718559
2.52629719333286078498
2.58626095040217083954
2.64880684858500104682
2.71407616272158469824
2.78221672408010974717
2.85338248109014473994

2.04535269785628830251
2.12786532131841598307
2.21711018318303104219

1.34633984467443589106
1.47461737696076070069
1.62753519387231249376
1.81142106975893734739

0.665778798598662287728
0.711573080954387442542
0.764066940927188639269
0.824824604585504706833
0.895927220086687846857
0.980197522388719163445
1.08154450157776047415
1.20549798306247147150
1.36002747340920304707
1.55668163099663574224
1.81142106975893734739

5.21793887055332997073
5.62240064767561632089
6.09456316227242988984
6.65287380250258870534
7.32309167026819296708
8.14225778847566163596
9.16550583457713350475
10.4782974497266187420
12.2194719937669635565
14.6261000291820395342
18.1142106975893734739

1.79079008360150007741
1.86102817646030435012
1.93709435109062016556
2.01975585978436883506
2.10992241231590757870
2.20868116255842328234
2.31734261498778654141
2.43750166794660934188
2.57111998801520156137
2.72063899868058390053
2.88913770844589700176

1.43875513127484465816
1.51505987027801028291
1.59987483754936245766
1.69470078232722028380
1.80141143034886586838
1.92237631556613287858
2.06063523473877950046
2.22015133385637432725
2.40618712874705141925
2.62587844143078789869
2.88913770844589700176

1.126599678566921177209
1.199993599342737598396
1.283593297507380621230
1.379680712165950080152
1.491270716123796437481

1.622429981879426952850
1.778777446905578900351
1.968299041399970581269
2.202732249347415999761

2.500042708548524932133
2.889137708445897001762

1.661013423695964636143
1.694301718036581360884
1.728805612489032886593
1.764580985171257137729

1.801685696781090636133
1.840179388302656092244
1.880123182680915375293

1.921579262901246932426
1.964610291516184906921

2.009278627280417793045
2.055645282650389328791

1.31599130047056829750
1.36589643013590815535
1.41960931251242684238
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[l x 10* (gmem—'s—1)

b{Y x 101 (s 1)

b} x 101 (s71)

Kr:Xe

2.09034736388545465690
2.09505717958736839229
2.09871763017990481586
2.10095380481519096206
2.10126994229715787569
2.09900602272995144993
2.09327647662780293721
2.08288258264550698739

2.07245362110288412252
2.09014777588804023440
2.10860200168842971318
2.12786634714630409637
2.14799535353944957717
2.16904857045027546492
2.19109114412954451343
2.21419449079810592301
2.23843706954468899106
2.26390527244181719856
2.29069445315765001595

2.31391855913599781331

2.41925908328860085569
2.53426592941643817744
2.66027374032161325255

2.79886105163642599614
2.95190436678978995862
3.12164546382420226068
3.31077483494224526969

2.04535269785628830251
2.08853033226441748996
2.13356950439597467224
2.18059320630540174178

2.22973550492645557374
2.28114281691041605543

2.33497536365499571956
2.39140883694560743056
2.45063631164389853508
2.51287044924241225284
2.57834604521498857140

1.47756485847280140756
1.54026306415510363204
1.60828058956684297897
1.68228449356499894861
1.76304840030450147477

1.85147125931408896474

1.94859856896764058793
2.05564528265038932879

1.79353101667798172505
1.83138171860657601645
1.87086386096744457862
1.91208520682306201486
1.95516322062524281055
2.00022618471855106012
2.04741447362476313561
2.09688201274197582646
2.14879795335560443243
2.20334860232182446697
2.26073965275859858470

Table 7

Values of [u]g,, bgeo)*, and bf?)* for binary, rigid-sphere gas mixtures of He, Ne, Ar, Kr, and Xe (arbitrarily truncated at 21 significant figures).

(1150

(60)»
bl

(60)»
b—l

He:Ne

He:Ar

He:Kr

He:Xe

Ne:Ar

1.01603394165596225394
1.01507981005595704974
1.01425878361375016253
1.01358127106503753285
1.01306346604592649143
1.01272954522889912551
1.01261532435082903314
1.01277457235078867075
1.01329052801883149671
1.01429844951434984249
1.01603394165596225394

1.01603394165596225394
1.01587330369910437037
1.01572351651591546094
1.01558510378211889495
1.01545990027647383972
1.01535234856768505558
1.01527198434076274506
1.01523823494731039261
1.01528982741619837232
1.01550365889632625106
1.01603394165596225394

1.01603394165596225394
1.01613267018074011140
1.01619235268418533591
1.01620154994363010615
1.01614732639360126813
1.01601694909473345520
1.01580289424595185290
1.01551637720177399937
1.01522390859716212394
1.01515202001727141556
1.01603394165596225394

1.01603394165596225394
1.01639357708144408583
1.01672843374133128104
1.01702098365247956234
1.01724632590091958839
1.01736974570885297972
1.01734493704325970319
1.01711728601114110855
1.01664931897814380161
1.01603761248639342751
1.01603394165596225394

1.01603394165596225394
1.01625590361214093518

1.01646451044346802436
1.01665067349896640643
1.01680332585790530321

1.01603394165596225394
1.01371253815614662426
1.01146554561865102285
1.00929376018953282452
1.00719893038545592346
1.00518354872922256718
1.00325053005258540094
1.00140267898088736701
0.999641789518708382692
0.997967117200199526458
0.996372787771616987210

1.01603394165596225394
1.01414040770254626373
1.01216930500376273738
1.01011928485306677439
1.00799171156045055591
1.00579255958604055537
1.00353557181296176032
1.00124756995304609840
0.998977447114818741648
0.996811310231086621115
0.994896796246408654503

1.01603394165596225394
1.01459883217027165082
1.01304035552809960009
1.01134395742205251696
1.00949475081562635451
1.00747955862365593122
1.00529171115686511912
1.00294218768787700613
1.00048608938610277721
0.998088657774696332632
0.996201924433832422135

1.01603394165596225394
1.01492473740289806586
1.01368207158062152843
1.01228122347753187156
1.01069209533799732781
1.00887886633944532755
1.00680164772579403206
1.00442491574089949417
1.00174876710053285946
0.998923328835579890353
0.996718146433463758077

1.01603394165596225394
1.01475812317239841618

1.01344380666026345691
1.01208909970146827722
1.01069215442363076501

1.04485118491390073388
1.04177241284408011604
1.03872587025744242162
1.03571476375207361499
1.03274330346693874360
1.02981658329674914769
1.02694032769208383891
1.02412039477035941321
1.02136185083153100733
1.01866730196333090790
1.01603394165596225394

1.05792170948470323283
1.05484407254589890505
1.05156548017718878262
1.04806660553474875775
1.04432707541903814538
1.04032631420527959139
1.03604522050124807820
1.03146928492961485769
1.02659407751873486611
1.02143410673055207608
1.01603394165596225394

1.06672812265169489641
1.06352765501439215433
1.06003680041700754320
1.05621402657755079311
1.05201119634227042454
1.04737347795258903733
1.04224081553684045984
1.03655327407293334150
1.03026559890478261044
1.02338267442456988958
1.01603394165596225394

1.07158326797078869468
1.06873394450867289307
1.06554789968428277036
1.06196054250931617906
1.05789052786936544082
1.05323486342579607405
1.04786336813622424981
1.04161464803795254707
1.03430204780042093843
1.02576010669253960408
1.01603394165596225394

1.03305997324087952532
1.03171180980538410381

1.03030138092865734756
1.02882343516367989725
1.02727217561287563806

(continued on next page)
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bgs())*

(60)%
b=y

X1 [T5o
0.5 1.01690903414510012054
0.6 1.01695154099883760832
0.7 1.01691123305354701216
0.8 1.01676453670408282857
0.9 1.01648326079756137771
1.0 1.01603394165596225394
Ne:Kr 0.0 1.01603394165596225394
0.1 1.01612540646618870920
0.2 1.01626026630626637042
0.3 1.01642925411275517273
0.4 1.01661819150005820727
0.5 1.01680600049140600516
0.6 1.01696189406361729486
0.7 1.01704138561416541021
0.8 1.01698060209827332320
0.9 1.01668819072730193264
1.0 1.01603394165596225394
Ne:Xe 0.0 1.01603394165596225394
0.1 1.01635395674827701356
0.2 1.01671720527082156164
0.3 1.01711281297026403361
0.4 1.01752148286086606687
0.5 1.01791071672093858455
0.6 1.01822722536348454433
0.7 1.01838472081151503329
0.8 1.01824406630492819328
0.9 1.01758089599427684252
1.0 1.01603394165596225394
Ar:Kr 0.0 1.01603394165596225394
0.1 1.01575993966166860749
0.2 1.01554335978031314600
0.3 1.01538475013551864171
0.4 1.01528498982394893176
0.5 1.01524535096051309078
0.6 1.01526758058658559367
0.7 1.01535400909566456429
0.8 1.01550769463157585123
0.9 1.01573261708649119216
1.0 1.01603394165596225394
Ar:Xe 0.0 1.01603394165596225394
0.1 1.01577516863219155504
0.2 1.01558136721294471638
0.3 1.01545117827261505159
0.4 1.01538268746018511181
0.5 1.01537325187006465361
0.6 1.01541927984660133819
0.7 1.01551594556238502883
0.8 1.01565680932678688980
0.9 1.01583329525527487708
1.0 1.01603394165596225394
Kr:Xe 0.0 1.01603394165596225394
0.1 1.01604055057380493445
0.2 1.01605093185160637375
0.3 1.01606350866511655414
0.4 1.01607650988788149051
0.5 1.01608794888524984262
0.6 1.01609560012224982802
0.7 1.01609697341268705910
0.8 1.01608928564915532847
0.9 1.01606942988088685058
1.0 1.01603394165596225394

1.00925127326839768276
1.00776508072750981716
1.00623280108999558652
1.00465470888707492995
1.00303286546716734436
1.00137233943072385176

1.01603394165596225394
1.01411947329532110301
1.01214949805450020490
1.01012233828276131435
1.00803714143863930129
1.00589446989086513147
1.00369728275624862132
1.00145260915367030770
0.999174486510464381038
0.996889317300041866186
0.994646100832690172302

1.01603394165596225394
1.01416482405356853467
1.01219752714433310872
1.01012523218887672084
1.00794185078225281187
1.00564324201284225906
1.00322957901003245895
1.00071006367515523901
0.998112714176179508972
0.995505933678772390245
0.993050162341220604997

1.01603394165596225394
1.01457149563101548533
1.01312738157502405840
1.01170099549278364452
1.01029172830238013721
1.00889894121112361566
1.00752193392693871623
1.00615990305337883670
1.00481188706908076713
1.00347669296599229713
1.00215279775046502261

1.01603394165596225394
1.01412351474229087974
1.01220942237811891995
1.01029242064257873278
1.00837374654928482157
1.00645522811557972980
1.00453941823365632690
1.00262975108483850103
1.00073071149497989684
0.998847988255290330590
0.996988538896871317706

1.01603394165596225394
1.01509458068476239591
1.01414694340762548643
1.01319085701439224554
1.01222616907110427076
1.01125275444132994504
1.01027052402155875100
1.00927943577848343835
1.00827950871904866433
1.00727084061375568190
1.00625363054678644209

1.02564123102489417856
1.02392365308246182339
1.02211196489147566422
1.02019830514161537200
1.01817474768446145741
1.01603394165596225394

1.04675335943346634153
1.04451640446092753344
1.04214244357355706995
1.03961666789409590470
1.03692227313408755420
1.03404027338103467439
1.03094943390441066323
1.02762650060263779045
1.02404710851579557615

1.02018821018333592048

1.01603394165596225394

1.05449688035856223423
1.05215920549044405983
1.04960927580426410750
1.04681507874419394814
1.04373801831561978000
1.04033138506620501858
1.03653865446611572123
1.03229200801676070796
1.02751237740986319173
1.02211506471325713734
1.01603394165596225394

1.03194763456257257356
1.03034074221598809712
1.02873889449595346821
1.02714153222377502377
1.02554810305552652977
1.02395804345100521118
1.02237075470339823785
1.02078557071084214731
1.01920171431473931166
1.01761823782586966815
1.01603394165596225394

1.04116338481901273030
1.03893246856972455155
1.03664624235719889835
1.03430170219974377261
1.03189588350851394077
1.02942592645019163479
1.02688916311464699540
1.02428322804411744723
1.02160618784767811549
1.01885667075489835608
1.01603394165596225394

1.02674835022770721873

1.02574971228455756949
1.02473631354196476978

1.02370762280798898498
1.02266310189309286303
1.02160220980152967364
1.02052440837830332776
1.01942916983825879589
1.01831598673346045032
1.01718438508745525258

1.01603394165596225394

precision shown excepting, perhaps, only the last digit and should
be considered the best rigid-sphere gas mixture benchmark values
available. Even with the last digit considered to be unreliable, the
extrapolated values of Table 9 are more than double the precision
of order 60 results and are, effectively, equivalent to about order
150 results. We have determined this approximate equivalency by
examination of the results for simple gases where error free results
to order 200 have been previously generated [17].

8. Discussion and conclusions

Our purpose in this series of papers has been to explore the
use of Sonine polynomial expansions to obtain error free results
for the transport coefficients and related Chapman-Enskog func-
tions for simple gases and gas mixtures. In our first paper [17], we
explored the case of simple gases, and now we have extended our
initial work to include an exploration of viscosity and the related
Chapman-Enskog viscosity solutions for selected real-gas mixtures.
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Table 8
Parameters at STP' of the gases considered in this work.

Gas Molecular weight (amu) [23] Molecular diameter x10% (cm) [1]
He 4.002602 2.193
Ne 20.1797 2.602
Ar 39.948 3.659
Kr 83.798 4.199
Xe 131.293 4.939

T STP signifies a temperature of 0°C and a pressure of 1 atm.

For specific results, we have focused in this work on rigid-sphere
molecules, as the omega integrals are readily available in a simple
analytical form. However, we must emphasize that the expressions
that we have obtained are completely general and results for any
potential model can now readily be obtained subject only to omega
integral values for the given potential model being available to suf-
ficient precision.

We have considered Sonine polynomial expansions up to or-
der 60 but the computational tools and programs that we have

constructed apply to expansions of arbitrary order and the only
limiting factors that we have encountered involve the speed and
memory capacity of the computational resources available to us.
Nevertheless, because of the high precision of our computations,
we have witnessed excellent convergence in all of our results and,
via extrapolation, we have been able to obtain viscosity values to
a precision of more than 15 digits for all of the rigid-sphere gas
mixtures that we have considered.

Since even in a binary-gas mixture the parameter space is very
large (involving mole fractions, mass ratios, size ratios, tempera-
ture, etc.), it is always useful to have techniques or expressions
that make rapid and precise computations possible. It is because
we have emphasized the development of a very general set of such
computational tools and techniques that our work, particularly our
comparisons with the results of Takata et al. [18] and Garcia and
Siewert [19] have been relatively straightforward and quick to ob-
tain. It is this same generality that has allowed us to extend our
work in a straightforward manner to additional real gas mixtures
and which will allow us to complete the much more substantial

Table 9

Values of the normalized viscosity, [;LJ%O_WW“, for binary mixtures of the gases He, Ne, Ar, Kr, and Xe obtained by extrapolating the sequence of values, [u]},;
m=1,2,3,...,60, to its limit using the Mathematica® function SequenceLimit that employs the Wynn-epsilon extrapolation algorithm.

X1 He:Ne He:Ar He:Kr

0.0 1.016033941655962253954579863833629348 1.016033941655962253954579863833629348 1.016033941655962253954579863833629348
0.1 1.015079810056074832134717 1.01587330372317453702 1.016132670599328973

0.2 1.014258783613824913206028 1.01572351653535980306 1.0161923530441204303

0.3 1.0135812710650702617819123 1.015585103792673782204 1.0162015501473002976

0.4 1.01306346604593788423444147 1.0154599002808454998784 1.01614732647703301738

0.5 1.012729545228902311582747161 1.015352348569032867462623 1.016016949116604072729

0.6 1.0126153243508297159266358546 1.015271984341028669894611 1.015802894247880386

0.7 1.0127745723507887702381118664 1.01523823494732865650152 1.0155163772025665

0.8 1.01329052801883150411659927535 1.015289827416199673158 1.01522390860002452

0.9 1.01429844951434984261706022 1.01550365889632978464227 1.01515202001928212

1.0 1.016033941655962253954579863833629348 1.016033941655962253954579863833629348 1.016033941655962253954579863833629348
X1 He:Xe Ne:Ar Ne:Kr

0.0 1.016033941655962253954579863833629348 1.016033941655962253954579863833629348 1.016033941655962253954579863833629348
0.1 1.01639357873148544 1.016255903612141000200899434832 1.01612540646633012657713000

0.2 1.01672843543249824 1.01646451044346809410691073383 1.01626026630639998764083589

0.3 1.017020984822171505 1.0166506734989664588174651800740 1.01642925411284162301126604

0.4 1.017246326517223295 1.0168033258579053353927089480029 1.01661819150010258481306746

0.5 1.0173697459456648910 1.0169090341451001372788428611822 1.016806000491424450961145714

0.6 1.017344937096175 1.01695154099883761565841905350941 1.016961894063623336928447243

0.7 1.017117286013916 1.016911233053547014797343725516189 1.0170413856141668592268535558

0.8 1.016649318985848 1.016764536704082829300794095403725 1.016980602098273539624977052011

0.9 1.0160376124971495 1.0164832607975613778534729187741107 1.016688190727301945675343058029

1.0 1.016033941655962253954579863833629348 1.016033941655962253954579863833629348 1.016033941655962253954579863833629348
X1 Ne:Xe Ar:Kr Ar:Xe

0.0 1.016033941655962253954579863833629348 1.016033941655962253954579863833629348 1.016033941655962253954579863833629348
0.1 1.01635395675300562285571 1.0157599396616686610769442568237 1.015775168632201821548823047

0.2 1.016717205275602430599 1.015543359780313196546727130606 1.015581367212953590718189382

0.3 1.017112812973569150954283 1.0153847501355186755488035433106 1.0154511782726203583166875551

0.4 1.0175214828626720532952501 1.01528498982394895063080996630058 1.0153826874601876660550510798

0.5 1.017910716721731470814721 1.01524535096051309989459744693215 1.01537325187006567002236238251

0.6 1.01822722536375476204914565 1.015267580586585597497151761367399 1.01541927984660166710266410454

0.7 1.0183847208115804505447794 1.015354009095664565674068135802869 1.015515945562385110830623044495

0.8 1.018244066304937407785749851 1.0155076946315758516375118924852254 1.01565680932678690379245752937143

0.9 1.01758089599427726964048704629 1.0157326170864911922593341412913891 1.015833295255274878299014942797563

1.0 1.016033941655962253954579863833629348 1.016033941655962253954579863833629348 1.016033941655962253954579863833629348
X1 Kr:Xe

0.0 1.016033941655962253954579863833629348

0.1 1.016040550573804936133606116111538

0.2 1.01605093185160637569032285914610

0.3 1.016063508665116555756778958285538

0.4 1.016076509887881491652620799721914

0.5 1.0160879488852498433390948212038049

0.6 1.0160956001222498284307998029109126

0.7 1.016096973412687059316969605151087

0.8 1.01608928564915532856774043863274236

0.9 1.016069429880886850624641174578726821

1.016033941655962253954579863833629348
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parametric study which we expect to present as an additional pa-
per in the near future as well as a study using realistic potential
models. The attractiveness of our work is also obvious with respect
to ternary and higher multiple gas mixtures as no new basic ex-
pressions need to be computed and the computations would be
straightforward. Finally, we also note that we are in the process of
extending our work to studies of thermal conductivity, diffusion,
and thermal diffusion and expect to report these results in future
papers as well.
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